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A GENERALIZATION OF A RESULT ON THE SUM
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ABSTRACT. Let G be a finite group and let ¥(G) denote the sum of element orders of G. It is
well-known that the maximum value of ¢ on the set of groups of order n, where n is a positive integer,
will occur at the cyclic group Cy,. For nilpotent groups, we prove a natural generalization of this result,
obtained by replacing the element orders of G with the element orders relative to a certain subgroup
H of G.
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1. Introduction

Let G be a finite group. In 2009, H. Amiri, S. M. Jafarian Amiri and I. M. Isaacs introduced in
their paper [1] the function
Y(G) = Z o(x),
zeG
where o(z) denotes the order of z in G. They proved the following basic theorem:

THEOREM 1.1. If G is a group of order n, then (G) < ¥(C,), and we have equality if and only
if G is cyclic.

Since then many authors have studied the properties of the function 1(G) and its relations

with the structure of G (see, e.g., [2H6] and [8]). We recall only that ¢ is multiplicative and
2n41

Y(Cpn) = P71~ when p is a prime (see, e.g., of [3; Lemmas 2.2(3) and 2.9(1)]).

Given a subgroup H of G, in what follows we will consider the function
bu(G) =Y on(x),
zeG

where op(z) denotes the order of z relative to H, i.e., the smallest positive integer m such that
2™ € H. Clearly, for H = 1 we have ¥ (G) = ¥(G).
By replacing ¢(G) with ¥ g (G), we are able to generalize the above theorem for nilpotent groups.

THEOREM 1.2. Let G be a nilpotent group of order n and H be a subgroup of order m of G. Then
wH(G) < me(On)a (11)

where H,, is the unique subgroup of order m of C,,.
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Note that the inequality (1.1)) can easily be proved for normal subgroups H. Indeed, in this case
we have

og(x) =o(zH) in G/H, forallz € G
and therefore
Yu(G) = |H|Y(G/H) <mp(Cr) =, (Cn).
This also shows that the equality occurs in whenever H is normal and G/H is cyclic.

Finally, we conjecture that Theorem is also true for non-nilpotent groups G, i.e., it is true
for all finite groups G.

Most of our notation is standard and will usually not be repeated here. Elementary notions and
results on groups can be found in [7].

2. Proof of the main result

Our first lemma collects two basic properties of the function ¥y (G).

LEMMA 2.1. a) If (Gi)i:ﬁ is a family of finite groups having coprime orders and H; < Gy,
i=1,...,k, then

k
'l/JHlX---XHk(Gl X e X Gk) = H’l/}HI(GZ)
i=1

In particular, if G is a finite nilpotent group, (G;),_73 are the Sylow p;-subgroups of G and
H=H; x---x H, <G, then

k
Y (G) = _HwHi(Gn.

b) If G is a finite group and H I K < G, then

Vu(G) < (K H]Yk(G) — |K|+|H. (2.1)
In particular, if G is a finite p-group and H < K < G with |H| = p™ and |K| = p™*1, then
Yu(G) <pYx(G) —p™(p—1). (2:2)
Proof. a) Since G;,i =1,...,k, are of coprime orders, for every x = (21,...,2x) € G1 X+ x Gy
we have
k
oy () = [ [ om, (24)-
i=1
Then
Y, xxm, (G X - X Gy) = Z OH, x-..x H,, (T)
z=(x1,...,x)EG1 X+ XG},
— Z Z om, (1) - o, (xx)
z1€G Tk EGK
k k
= H ( Z OH,;(xi)) = HT/JHi(Gz‘),
i=1 N z,€G; i=1
as desired.
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b) Let z € G. Then z°<(®) € K and so 2°<@H € K/H, implying that (z°%(®) H) WHL _ g
Thus z!FHlox(*) ¢ H which leads to
og(z) | [K: Hlok(x)
and consequently
og(z) <[K : Hlok(x).
This shows that
v (GQ) = Z op(x) = Z o () + Z op ()
zeG z€G\H zeH
<[K:H)Y oxla)+|H|
z€G\H
=K : H}( > o)=Y OK(x)> + |H|
zeG xeH
= [K: H] (Y (G) — |HI) + |H|
= [K: H]¢k(G) — K|+ [H|,
completing the proof. O

Remark. By taking H =1 and K < G in (2.1]), one obtains
V(@) < K¢k (G) — K| +1=|K?$(G/K) — |K[ +1. (2.3)

This improves the inequality in |4 Proposition 2.6]. Also, by taking K = G in (2.3), we get a new
upper bound for (G):

U(G) < |G — |G| + 1. (2.4)
Note that we have equality in (2.4)) if and only if G is cyclic of prime order.

Next we prove the inequality (|1.1]) for p-groups.
LEMMA 2.2. Let G be a p-group of order p™ and H be a subgroup of order p™ of G. Then
VE(G) < YHm (Cpr).

Proof. We will proceed by induction on [G : H]. Obviously, the inequality holds for [G : H] = 1.
Assume now that it holds for all subgroups of G of index less than [G : H]. Since every subgroup
of G is subnormal, we can choose K < G such that H C K and |K| = p™T!. Then, by and
the inductive hypothesis, we get

Vi (G) < pr(G) —p"(p—1) <ptu .., (Cpr) —p"(p—1)

2n—2m—1
= pmt2? nem-1)—p"(p—1)=p™ 2]37+17 71}
P (0 )—p"(p—1)=p"|p P (r—1)
2n—2m-+1
_om?P 1w _
=p p+ 1 =D q/)(C’p"*m) - prm (Cp")a
as desired. O

We are now able to prove our main result.
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Proof of Theorem 1.1. Let n = p{* ---p* be the decomposition of n as a product of prime
factors. Since G is nilpotent, we have G = G X - - - X G}, where (Gi)izﬁ are the Sylow p;-subgroups
of G. Moreover, any subgroup H of G is of type H = Hy X --- x Hy, with H; < G, |H;| = p;**, for
all i =1,...,k. Then, Lemmas a), and lead to

k k
Vi (G) = [Ton(G) < [[ v (Cpri) = ¥, (Cn).
=1 =1

This completes the proof. O

Acknowledgement. The author is grateful to the reviewer for remarks which improve the pre-
vious version of the paper.
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